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ABSTRACT
We present a novel approach for estimating the intrinsic dimen-
sion of certain point clouds: we assume that the points are sam-
pled from a manifold M of dimension k, with k << D, and
corrupted by D-dimensional noise. When M is linear, one
may analyze this situation by PCA: with no noise one would
obtain a rank k matrix, and noise may be treated as a perturba-
tion of the covariance matrix. WhenM is a nonlinear manifold,
global PCA may dramatically overestimate the intrinsic dimen-
sion. We discuss a multiscale version of PCA and how one can
extract estimators for the intrinsic dimension that are highly ro-
bust to noise, and we derive some of their finite-sample-size
properties.

Keywords— Dimension estimation, multiscale analysis, ge-
ometric measure theory, point cloud data

1. INTRODUCTION

We are interested in developing tools for the quantitative anal-
ysis of the geometry of point cloud data, in the situation
where such point clouds arise as random samples from a low-
dimensional set embedded in a high-dimensional space and
corrupted by high-dimensional noise. Our main motivation
arises from the need to analyze large, high-dimensional data
sets that arise in a wide variety of applications. These data sets
are often modeled as low-dimensional sets embedded in high-
dimensional, typically Euclidean, space. Our approach for es-
timating the intrinsic dimension of a point cloud is a variation
of classical ideas in multiscale geometric measure theory [8],
especially at its intersection with harmonic analysis.

The problem of estimating the intrinsic dimension of a point
cloud is of interest in a wide variety of situations. In fact, to
cite some important instances, it is equivalent to estimating: the
number of variables in a linear model in statistics (points are
samples from the model), the number of degrees of freedom in a
dynamical system (points are configurations in the state space of
the system sampled from trajectories), the intrinsic dimension
of a data set modeled by a probability distribution highly con-
centrated around a low-dimensional manifold (samples are data
points). Many applications and algorithms crucially rely on the
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estimation of the number of components in the data, for exam-
ple spectrometry, signal processing, genomics and economics,
to name only a few. Moreover, many manifold learning algo-
rithms assume that the intrinsic dimension is given.

When the data is generated by a multivariate linear model,
principal component analysis (PCA) may be used to recover
both the dimension of the data and the subspace of RD which
contains the data, and it requires a number of samples essen-
tially linear in the intrinsic dimension. This situation is well un-
derstood, even when the data is corrupted by noise. However,
when the data is nonlinear, PCA fails, curvature causing PCA
to overestimate the intrinsic dimension. Several volume-based
algorithms have been proposed to estimate intrinsic dimension
of nonlinear data when the data lies on a low-dimensional mani-
fold; see [13] for a complete description; [2] also provides a sur-
vey of many proposed estimation techniques. As these volume-
based algorithms are based on empirical estimates of the num-
ber of samples obtained in a local neighborhood, in general they
require a number of (local) sample points exponential in the in-
trinsic dimension and tend to be highly sensitive to noise.

The papers [9, 1] first attempted to estimate the intrinsic di-
mension by partitioning the data into small neighborhoods and
applying PCA locally within each neighborhood; although this
technique takes advantage of the essentially linear sample size
requirements of PCA, it has met with limited success in compar-
ison with the volume-based techniques [15]. We build on this
technique of applying PCA locally, but instead of the fixed-scale
approach of [9, 1], we propose a multiscale approach, since de-
termining a “good” range of scales at which the estimate is re-
liable is a key aspect to the problem. Our results, in addition to
being highly robust to noise, show that as soon as some rather
mild geometric regularity is assumed on the data, a number of
(local) samples essentially linear in the intrinsic dimension suf-
fices.

2. SETTING AND MAIN RESULT

Definitions. We define the covariance and the empirical co-
variance of a random variable X from which we have drawn n



samples x1, . . . , xn as:

cov(X) = E[(X − E[X])⊗ (X − E[X])]

cov(Xn) =
1
n

n∑
i=1

(xi − En[X])⊗ (xi − En[X]) ,

where En[X] = 1
n

∑n
i=1 xi. We let λi(cov(X)) denote the ith

eigenvalue of the operator cov(X), sorted in decreasing order,
and define the kth gap to be:

∆k(cov(X)) = λk(cov(X))− λk+1(cov(X)) .

The ith singular value (S.V.) of X is
√
λi(cov(X)).

Set-up. Let X and N be two random variables, defined on a
probability space (Ω,P), taking values in RD. The random
variable N represents noise: for example N ∼ σN (0, ID),
where N (µ,Σ) denotes the Gaussian distribution with mean
µ and covariance Σ. Let µX be the distribution of X , and
M = suppµX . Our observations will be points x̃1, . . . , x̃n
drawn in the form

x̃i = xi + σηi, σ > 0, (1)

where x1, . . . , xn are drawn i.i.d. fromX and ση1, . . . , σηn are
drawn i.i.d. from N . If we let X̃ = X + N , we can think
of the data as random draws from n identical and independent
copies of X̃ . With some abuse of notation, we let Xn denote
both the set of samples and the n × D matrix whose rows are
the n samples x1, . . . , xn; similarly for X̃n. We fix a center
z̃ ∈ {x̃1, . . . , x̃n} and let Bz̃(r) be the Euclidean ball (in RD)
centered at z̃ with radius r. We let X̃n,z̃,r = X̃n ∩ Bz̃(r) be
the noisy data intersected with a local ball centered at one of
the noisy data points. Finally, we define Xz,r to be the random
variable X conditioned on taking values inM∩Bz(r).

Our goal is to estimate k, the intrinsic dimension of X at z,
given the noisy samples {x̃1, . . . , x̃n}. We wish to determine a
good range of scales for r, so that cov(Xz,r) will have k large
eigenvalues and D − k small eigenvalues, allowing us to cor-
rectly estimate k. However, we meet several constraints:

(i) curvature: for r small enough, Xz,r is well-
approximated in the least squares sense by a portion of
the k-dimensional tangent plane Tz(M): cov(Xz,r) will
have k large eigenvalues and smaller eigenvalues caused
by curvature. By letting r → 0, i.e. choosing r small
enough dependent on curvature, these smaller eigenval-
ues will tend to 0 faster than the top k eigenvalues of size
O(r2). Therefore we would like to choose r small.

(ii) sampling: we need to have enough samples in Xn ∩
Bz(r) in order to estimate cov(Xz,r). Therefore, for n
fixed, we would like to choose r large.

(iii) noise: since we are given X̃n,z̃,r, we meet a noise con-
straint, that forces us to take r above the “scale” of the
noise, i.e. not too small, otherwise cov(Xz,r) would be
too affected by the covariance structure of the noise, in-
stead of that of Xz,r.

Fig. 1. Plot of Ez[λ
(z,r)
i ] (the squared S.V.’s averaged over the sam-

ples), as a function of r, for 1000 noisy samples (σ = .1) of S9; the
dotted lines indicate standard deviation.

2.1. Assumptions on the Geometry

We assume that for every z ∈ M, there exists an integer k and
an orthogonal decomposition:

Xz,r = Xz,r
|| +Xz,r

⊥,

where Xz,r
|| is a k-dimensional affine subspace and Xz,r

⊥

a normal correction, such that the following conditions hold,
for all r ∈ (Rmin, Rmax) and for some choice of positive
λmin, λmax, vmin, vmax, κ:

λ(cov(Xz,r
||)) ⊆ k−1[λ2

min, λ
2
max]r2

||x⊥||2 ≤ k−1κ2r4 for all x⊥ ∈ Xz,r
⊥

(which implies λ(cov(Xz,r
⊥)) ≤ k−1κ2r4)

µX(Bz(r)) = vz(r)µRk(Bk)
(
r2 − ||z − zM||2

) k
2 ,

for z ∈ RD such that ||z − zM||2 ≤ σ2D, where zM is
the closest point on M to z, with vz(r) smooth and vz(r) ∈
[vmin, vmax] for r ∈ (Rmin, Rmax). Here λ(A) is the spec-
trum of A, Bk is the unit Euclidean ball in Rk, and µRk is k-
dimensional Lebesgue measure.

Remark 2.1. WhenM is k-dimensional Riemannian manifold
and µX is the natural volume measure, a simple calculation
shows that exactly k squared S.V.’s grow like r2 and the rest
grow like r4; this motivates the assumptions in 2.1, which al-
ways hold in the manifold case, as well as the algorithm de-
scribed in 3. For example, forM = Sk, the k-dimensional unit
sphere, any z ∈ Sk:

λi(cov(Xz,r)) =
1

k + 2
r2 ∼ k−1r2 for i = 1, . . . , k,

λk+1(cov(Xz,r)) =
k

(k + 2)2(k + 4)
r4 ∼ k−2r4

The parameter κ measures the amount of curvature: in the co-
dimension one manifold case, it is an explicit function of the
principal curvatures of the manifold at z.
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Fig. 2. Estimated intrinsic dimension as a function of the noise level σ; top:
S5 with n = 250 and D = 100; bottom: S11 with n = 1000 and D = 100.

2.2. Assumptions on the Noise

(i) N has mean 0 and is independent of X and (ii) for ση ∼ N ,
the random vector η = (η1, . . . , ηD) has independent coordi-
nates with subgaussian moment 1, that is, P(|ηi| > t) ≤ 2e−t

2
.

2.3. Main result
Theorem 2.2 (D→∞ , σ = σ0√

D
). Under the above assump-

tions, for λ = λmin = λmax and D large enough, if

σ =
σ0√
D
, with

σ

r
∈ {0} ∪

»√
logD

D
,∞

«
,

then ∆k(cov(X̃n,z̃,r)) is the largest gap of cov(X̃n,z̃,r) w.h.p.
in the range of scales

R
2
min∨

σ0
2

log k
∨
 

c1k log k

λ2nvminµRk (Bk)

! 2
k

< r
2−2σ0

2 ≤
λ2

c2κ2
∧(Rmax − 2σ0)

2
.

For Rmin (resp., Rmax) smaller (resp., larger) than the terms it
is compared to, this interval is non-empty as soon as

n &
k log k

λ2

“ c2κ
λ

”k 1

vminµRk (Bk)
and σ0 .

λ
√

log k

κ
.

3. MSVD ALGORITHM

The above results suggest the following algorithm: for each
z ∈ M, r > 0, i = 1, . . . , D, we compute λ

(z,r)
i :=

λi(cov(X̃n,z̃,r)). When r is large, if M is contained in a
linear subspace of dimension K (K ≥ k) we will observe
K large eigenvalues and D − K smaller noise eigenvalues
(we will assume that K < D). Clearly, k ≤ K. More-
over, {λ(z,r)

i }i=K+1,...,D will be highly concentrated and we
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Fig. 3. Dimension estimates for various manifolds; n = 1000 and σ = 0.

use them to estimate σ, which is useful per se. Viewing
{λ(z,r)

i }i=K+1,...,D as a function of r, we identify an interval
in r where the noise is almost flat, thereby removing the small
scales where the distortion due to noise dominates. From this
point onwards the algorithm will work on this restricted inter-
val. We look at the first {λ(z,r)

i }i=1,...,K , and the goal is to
decide how many of them are due to the extrinsic curvature of
M. But the curvature squared S.V.’s grow with rate at most r4,
while the “tangential” (non-curvature) squared S.V.’s grow with
rate r2: a least-square fit to λ(z,r)

i , as a function of r, is used to
tell the curvature squared S.V.’s from the tangential ones, yield-
ing k̂, our estimate for k. Finally, we estimate [R̂min, R̂max] as
the largest interval of r’s in which ∆(z,r)

k̂
is the largest gap. See

Fig. 1 for an example plot of how the S.V.’s grow as a function
of scale. The green region indicates [R̂min, R̂max], the range of
scales where the 9th gap is the largest.

The many details and available options are documented
in the MATLAB code available at www.math.duke.edu/
˜mauro; the code includes a User Interface for navigating the
multiscale S.V.’s. The computational cost of the algorithm is no
worse than O(CnnDnmin{D,n,K} log n), where Cnn is the
cost of computing a nearest neighbor.

4. EXPERIMENTS

Manifold data. We test our algorithm on several data sets ob-
tained by sampling manifolds, and compare it with existing al-
gorithms. The test is conducted as follows. We fix the am-
bient space dimension to D = 100. We let Qk, Sk, S, Zk
be, respectively, the unit k-dimensional cube, the k-dimensional
sphere of unit radius, a manifold product of an S-shaped curve
of roughly unit diameter and a unit interval, and Meyer’s stair-
case {χ0,k(·−l)}l=0,...,D. Each of these manifolds is embedded
isometrically in RK , where K = k for Qk, K = k + 1 for Sk,
K = 3 for S, and K = D for Zk, and RK is embedded nat-
urally in RD. Finally, a random rotation is applied (this should
be irrelevant since all the algorithms considered are supposed to
be invariant under isometries); n samples are drawn uniformly
(with respect to the volume measure) at random from each man-
ifold, and noise η ∼ σN (0, ID) is added.

We consider a range of values for k, σ and n. We com-
pare our algorithm against “Debiasing” [3], “Smoothing” [4]
and RPMM in [10], “MLE” [12], “kNN” [7], “MFA” [6], and
“MFA2” [5]. For each combination of the parameters, we gen-
erate 5 realizations of the data set and report the most frequent

www.math.duke.edu/~mauro
www.math.duke.edu/~mauro
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Fig. 4. Pointwise intrinsic dimensionality estimates distinguish the 1-
dimensional line (blue) from the 2-dimensional sphere (green); points near the
intersection are classified as 3-dimensional.

Digit 0 1 2 3 4 5 6 7 8 9
MSVD 2 2 3 2 2 2 2 2 3 3
IDE 11 7 13 13 12 11 10 13 11 11
HRVQ (r = 2) 16 7 21 20 17 20 16 16 20 17

Fig. 5. MNIST database: intrinsic dimension estimate for each digit obtained
with our method (MSVD), the smoothed Grassberger-Procaccia estimator from
[11] (IDE), and the high rate vector quantization methods in [14] (HRVQ).

(integral) dimension returned by each algorithm, as well as the
standard deviation of the estimated dimension. We attempted to
optimize the parameters of the competing algorithms by running
them on several training examples and then fixing the required
parameters. See [13] for a complete comparison. Fig. 2 shows
the results for S5 (resp. S11) with ambient dimension D = 100
and n = 250 (resp. n = 1000) samples, as the noise level σ is
increased. All other results look qualitatively similar to these.
Fig. 3 contains the dimension estimates for various manifolds in
the quite benign regime with 1000 samples and no noise. Even
in this setting, and for the simplest manifolds, the estimation of
dimension is challenging for most methods. All algorithms ex-
hibit a similar behavior, both with and without noise, except for
“MFA” and “MFA2,” which perform uniformly poorly but are
insensitive to noise.
Real world data sets. In this section we describe experiments
on publicly available real data sets and compare with previously
reported results. We first of all consider the well known MNIST
database (http://yann.lecun.com/exdb/mnist) containing several
thousands images of hand written digits. Each image is 28 times
28 pixels. In Table 4 we report the dimension estimated for each
individual digit and compare with the smoothed Grassberger-
Procaccia estimator from [11] and the high rate vector quanti-
zation approach in [14]. We also consider the IsoMap faces
database (http://isomap.stanford.edu/dataset.html) consisting of
698 images of size 64 times 64 pixels. We find an average intrin-
sic dimension k = 2, see Figure 6. The different methods based
on volume estimates return similar results, with k ∈ [3, 4.65].
See [13] for more extensive experiments on real-world data sets.
Speed. We compared the speed of the algorithms (see [13]):
MSVD has mild linear growth as a function of n and of k, with
speed comparable with that of most other algorithms, except
MFA and MFA2 (3 orders of magnitude slower), and RTPMM
and “Smoothing” that could not be run in reasonable time (less
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Fig. 6. Left: MNIST database; right: IsoMap face database; point-wise esti-
mates for a subset of the points (blue) and the average across points (red).
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Fig. 7. Time to construct the multiscale nets (’M-Net’), calculation of multi-
scale statistics (’M-Stats’) and the total time (’Est.Dim.’).

than several hours) for more than n = 16, 000 points.

5. CONCLUSION

This work introduces a multiscale, geometric approach to intrin-
sic dimension estimation. By using PCA locally, we require a
sample size essentially linear in the intrinsic dimension, and by
analyzing the singular values over a range of scales, we are able
to distinguish the underlying k-dimensional structure of the data
from the effects of noise and curvature. The MSVD method,
which was tested on both manifold and real-world data sets,
frequently out-performs competing algorithms, particularly in
the presence of noise. By applying this technique, there is great
potential for improvement in current classification and dimen-
sionality reduction algorithms.
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